We consider a mosquito-borne epidemic model, where the adoption by individuals of insecticide-treated bed-nets (ITNs) is taken into account. Motivated by the well documented strong influence of behavioral factors in ITNs usage, we propose a mathematical approach based on the idea of information-dependent epidemic models. We consider the feedback produced by the actions taken by individuals as a consequence of: (i) the information available on the status of the disease in the community where they live; (ii) an optimal health-promotion campaign aimed at encouraging people to use ITNs. The effects on the epidemic dynamics of each of these feedback are assessed and compared with the output of classical models. We show that behavioral changes of individuals may sensibly affect the epidemic dynamics.
Introduction
Mosquito-borne diseases are diseases that are transmitted to humans and animals through the bite of an infected female mosquito. These include malaria, chikungunya, dengue, West Nile virus, Rift Valley fever, yellow fever and equine encephalitis. These diseases present major threats to human and animal health. For the malaria alone, it has been estimated that 3.3 billion people (almost half of the world's population) are at risk of being infected and developing the disease, and 1.2 billion are at high risk [1] .
Vaccine is often thought as a decisive tool against infectious diseases. Nevertheless, vaccines for mosquito-borne diseases are available only in a few cases (e.g., Japanese encephalitis and yellow fever [2] ) whereas in most cases they are unavailable or developed only at experimental or trial levels. This is the case, for example, of chikungunya disease [3] and malaria [4] . A debated aspect of vaccine success concerns the effects, at population level, of mass administration of leaky vaccines (the ones that do not confer to the host both total immunity and incapability to transmit the disease). In case of malaria, for example, it has been speculated that using leaky vaccines may not reduce the malaria burden to an appreciable extent, and may cause increased rates of symptomatic malaria because it may have a detrimental effect on the naturally acquired immunity [5, 6] .
In view of effective vaccines development, a central role among the personal protection measures against mosquitoes is played by non-pharmaceutical interventions (NPIs). Such interventions are adopted to limit virus spread by reducing contacts between infectious and susceptible individuals [7] . Among the NPIs, the insecticide-treated bed-nets (ITNs) are a form of personal protection specifically targeted against mosquito-borne diseases transmission. In particular, it is nowadays recognized that ITNs are an effective method to reduce the malaria burden in endemic regions [8] [9] [10] . On the other hand, the effectiveness of ITNs is largely influenced by human behavioral factors. In fact, people may decide to not use ITNs, in spite of their usefulness, because of personal reasons [10] . Hot weather, a tendency to sleep outdoors and lack of mosquito nuisance are among the reasons for not using ITNs [11] . As a consequence, the role of human behavior (and misbehaviors) ought to be included in the modeling of ITNs-usage.
To this aim, we employ an approach in the framework of Behavioral Epidemiology, where a key issue is the assessment of the impact of human behavior on epidemics [12] . In particular, we propose a mathematical approach based on the idea of information-dependent epidemic models [12] . We employ as a basic model the one proposed in [13] , where the dynamics of human and vector populations are described by two linked SIR epidemic models and the ITNs usage is represented by a constant coverage. We modify such a model to account of feedback produced by the actions taken by individuals as consequence of: (i) the information available on the status of the disease in the community where they live; (ii) an optimal health-promotion campaign aimed at encouraging people to use ITNs.
The main feature of the model presented here is the so-called information variable, as employed in [14] [15] [16] [17] [18] .
We show that behavioral changes of individuals may sensibly affect the epidemic dynamics.
Models Formulation

The Basic System
The basic system we consider in this paper is the classical host-vector epidemic model in the version presented in [13] , where the effects of ITN usage on the transmission of the disease is taken into account. The human and vector populations are divided into two disjoint compartments, given by susceptible and infectious individuals. Therefore, the state variables are given by: susceptible humans, S h , infectious humans, I h , susceptible vectors, S v , and infectious vectors I v . The dynamics is ruled by the following system of nonlinear ordinary differential equations:
where the upper dot denotes the time derivative. The terms λ h and λ v denote the forces of infection on humans and on vectors, respectively. That is, the per capita rate at which susceptible individuals contract the infection [19] . The infection rate per susceptible human and per susceptible vector are given, respectively, by:
where β(b) represents the human-mosquito contact rate and the parameter b ∈ [0, 1] is the proportion of ITNs usage. The functions β and η are specified below. All the other parameters in System (1) are positive constants and their meaning is described in Table 1 . Using bed nets reduces the probability for humans to be bitten. Moreover, the nets are treated with insecticide. Therefore, in [13] the following two main assumptions are made: (i) ITNs usage reduces the human-mosquito contact rate and this is described by the relation:
where β max and β min are the maximum and the minimum contact rate, respectively.
(ii) ITNs usage increases the mosquito death rate η. This is modeled by:
where η bn is a non negative constant and η bn b represents the death rate due to insecticide on treated bed-nets.
Information Variable
We propose an approach based on the idea of information-dependent epidemic models [12, [14] [15] [16] [17] [18] . We begin by considering two different kinds of information available to the public:
(a) the information on the status of the disease in the community where they live; (b) the information generated by an optimal health-promotion campaign aimed at encouraging people to use ITNs.
Generally speaking, the key point is that the information may potentially change the human behavior and this, in turn, generates a feedback effect on the disease spreading itself.
Our aim is to assess the feedback as produced by the actions taken by individuals as consequence of the information (a) or (b). We assume that the information available to the public is expressed in terms of a goodwill w(t), which is analogous to the classical concept in marketing literature [20] . Here, w should be interpreted as concern or the willingness to use ITNs. Moreover, we introduce the information variable, as employed in [14] [15] [16] [17] [18] . That is to say, we assume that w depends on the past history in a way prescribed by a function ψ and distributed in the recent or far past by a delay kernel K p ξ . We set:
In Equation (5) the function u(t) (effort function) summarizes the actions taken by the public health authorities for promoting an health campaign (such as advertising, counseling, hygienic aid etc.). For any fixed time T > 0, u is assumed to be a Lebesgue measurable function such that:
The function ψ describes the information that individuals consider to be relevant for making their decision to adopt or not to adopt ITNs. In general, it will depend on the state variables (i.e., the environment's status) and on the effort function u. The specific choice for this function will be presented later.
As in [18] , the kernel K p ξ is assumed to be an Erlangian kernel defined by the probability density function:
where ξ > 0, p = 1, 2, . . . Therefore the delay is infinite and centered at the average delay p/ξ [21] .
Once that the goodwill has been introduced, we must now specify how it affects the forces of infection. We assume, as done in [20] , that the contact rate decays exponentially with w, i.e., we consider the forces of infection given in Equation (2), where now β(b) is replaced by:
where γ is a positive constant and ∈ {0, 1} is a control parameter: = 0 means that the contact rate is fully independent of the goodwill, whereas = 1 indicates that the contact rate is information-dependent. In the latter case, observe that β in Equation (7) ranges from β max to β min as w ranges from 0 to w max .
The Information Kernel
In Equation (6) we take p = 1, so that K 1 ξ (t) = ξ e −ξt . This is the case of exponentially fading memory (or weak kernel). Note that the distribution mode is at t = 0, whereas the average delay is at t = 1/ξ. This means that the maximum information is on the current status of the "message" ψ, followed by a natural decay of the weighting, due for example to a fading public's memory or the increasing disregard by the public for the message. In this case, from Equation (5), by using the linear chain trick [21] we have:
We remark that a possible alternative to the weak kernel introduced above is the case p = 2. This gives the second order Erlangian kernel (also said strong kernel), which is a prototype of memory with a delayed peak. Nevertheless, as far as we have checked through extensive numerical simulations (not reported here), the use of strong kernel seems to not change in relevant way the results obtained using the weak kernel.
The Cases under Consideration
• Case I (Model M): Constant contact rate.
By setting = 0 in Equation (7) one gets the structure of classical host-vector models [19, 22] (essentially the same happens when Model (1) is considered with b constant, as done in [13] ). Assuming = 0, and therefore β(w) = β max ≡ β, we have the following equations, that we call
where N h = S h + I h .
• Case II (Model V): Pure voluntary ITNs adoptions.
As already mentioned, the function ψ describes the role played by the state variables and health campaign measures in the goodwill dynamics. In the case of pure voluntary ITNs adoptions, we assume that the individuals will make their choice to adopt or not to adopt ITNs on the basis of the information available on the prevalence of the disease in the community where they live. This constitutes a sort of "social alarm" which we represent as:
where c(t) is the information coverage function. We assume that the information is available since t = 0, so that:
where c is a positive constant. Assuming = 1 and ψ given by Equation (10), from Equations (1), (2) and (8) we get the following
where N h = S h + I h , β(w) is given by Equation (7) and, for the sake of simplicity, the mosquito killing effect of ITNs has been neglected (i.e., η bn = 0 in Equation (4)).
• Case III (Model P): ITNs promotion program.
We represent the message given by the ITNs promotion programs as:
where c(t) is given by Equation (11) . This assumption means that individuals will adopt or not adopt ITNs only on the basis of the promotion program. In other words, the 'history' of the goodwill is affected by (and only by) the campaign effort u. Assuming = 1 and ψ given by Equation (13), from Equations (1), (2) and (8) we get the following system, that we call Model P:Ṅ
where N h = S h + I h , β(w) is given by Equation (7) and η bn = 0 in Equation (4).
Optimal ITNs Promotion Campaign
In this section, we will consider Model (14) and look for optimal strategies for implementing ITNs promotion programs. In other words, we aim to determine the optimal effort u(t) over a finite horizon T for the Case III introduced above. To this aim, we will use a numerically-oriented approach recently proposed in [23] (for background on numerical methods in control theory see [24] [25] [26] ).
As "Optimal" we mean that the campaign target is to minimize the total costs associated with both the disease and the controls. The cost function associated with the disease burden is assumed to be linearly dependent on the size of human infectious compartment, whereas the intervention costs are assumed to increase quadratically with u. This represents the increased cost of large-scale campaign efforts. We stress that a nonlinear cost is particularly appropriate when the effort function refers to an information campaign, since the more the information spreads, the more costly it becomes to reach the remaining unaware individuals. Among the nonlinear representation of intervention costs, the quadratic approximation is the simplest and most widely used (for more details on the choice of quadratic intervention costs when dealing with epidemic models, see, for example, [23, [27] [28] [29] [30] ).
The objective functional to be minimized is:
where the control u(t), i = 1, 2, is a Lebesgue measurable functions such that: 0 ≤ u(t) ≤ u max , for t ∈ [0, T ]. In Equation (15), the (positive) constants A and B are weight parameters describing the comparative importance of the two terms in the functional [23] . This optimal control problem may be addressed by the well known Pontryagin's maximum principle, where the Hamiltonian:
must be minimized pointwise [23] . Here g is the integrand of the objective functional, x denotes the state-variables vector, λ i , i = 1, ..., 5, are the adjoints and ϕ i denotes the right hand side of the i-th equation of System (14) . A similar optimal control approach for general or specific host-vectors models (but not in the framework of information-dependent models) can be found in [6, [31] [32] [33] [34] [35] .
The optimality system for our problem is derived (see Appendix) and numerically solved by using the so called forward-backward sweep method (FBSM), described in details in [23] . The process begin with an initial guess on the control variable. Then, the state equations are solved simultaneously forward in time, and next the adjoint equations are simultaneously solved backward in time. The control is updated by inserting the new values of states and adjoints into its characterization, and the process is repeated until convergence occurs. As in [23] , the solver used for the state and adjoint systems is a Runge-Kutta fourth order procedure. A MATLAB code [38] has been built to perform the simulations.
We remark that the FBSM is an indirect method for solving optimal control problems. It is easy to use and works well for our problem. However, there are several limitations inherent to FBSM use. For example, it may fail to converge depending on parameter values and on the size of time intervals (the convergence of the FBSM has been studied for a basic type of optimal control problem in [36] ).
Alternative numerical methods for studying optimal control problems similar to the one considered in this paper can be found, e.g., in [23, 27] (Chapter 21). See also [37] for an overview on useful numerical software packages.
Numerical Simulations and Discussion
In a first simulation, we consider the case of constant contact rate. Therefore we run Model M, given by System (9), with parameter values given in Table 1 , except that β = 0.09 and η = 0.0524. This corresponds to Model (1) with β max = 0.1, η = 1/21, η bn = 1/21, and b = 0.1. That is to say, the case of a constant ITNs usage proportion of 10%. In [13] it has been shown that in this case the basic reproductive number is greater than the critical value 1 (indeed, it is R 0 = 2.37) and the solutions approach an endemic equilibrium. As in [13] , we take initial data (N h0 , I h0 , S v0 , I v0 ) = (910, 10, 4000, 1000). The dynamics of infectious humans and vectors is shown in Figure 1 When the pure voluntary ITN adoptions are taken into account, the dynamics is governed by Model V, given by System (12) . We run this model with parameter values given in Table  1 , except that β = 0.09 and η = 0.0524. Furthermore, ξ = 0.01, γ = 0.01, w max = 1, T = 300. The initial data are (N h0 , I h0 , S v0 , I v0 , w 0 ) = (910, 10, 4000, 1000, 0). Since w 0 = 0, it follows that the initial contact rate is β = 0.09. The dynamics of infectious humans and vectors, as predicted by Model V, is shown in Figure 1, panel B . At the beginning, the dynamics shown in Panels A and B are essentially the same, since a low level of disease prevalence does not affect the population behavior. However, when the prevalence reaches sufficiently large values, the counter-action by individuals, who begin to use ITNs, results in declining the prevalence level. The infectious populations show a peak around 65 days. However, the maximum value reached by the infectious vectors is much lower than the case of constant contact rate. Finally, the infectious population tends to approach a steady state, as in the previous case. However, the values of the endemic state is now much lower, especially for infectious vectors (there is a reduction of 45%, approximately, at steady state). The difference in infectious humans dynamics, as predicted by Model M and Model V, respectively, can be seen in Figure 2 Finally, we consider the case of optimal ITNs promotion campaign and its influence on the disease dynamics. In other words, we consider the optimal control problem given by the minimization of the objective functional Equation (15) subject to the differential constraints System (14) . We use the parameter values given in Table 1 , except that β = 0.09 and η = 0.0524. Furthermore, ξ = 0.01, γ = 0.01. The cost weights are A = 1, B = 10. The initial data are (N h0 , I h0 , S v0 , I v0 , w 0 ) = (910, 10, 4000, 1000, 0).
In Figure 3 (panel A), it is shown the output time profile corresponding to a 300 days of information campaign. The information effort is at the highest possible value in the first stage of the information campaign. Then, starting from day 200, it switches to zero relatively slowly, with an arc joining the upper and the lower bound of the control.
As shown in Figure 3 (panel B) , the result of the optimal strategy is that both the infectious populations (humans and vector) reach an epidemic peak (which is lower than the maximum reached in the previous cases) and decline to zero in the last stage of the information campaign.
In order to make a direct comparison between the output of the three cases considered in Section 2.4, we introduce the quantity:
as a possible measure of the disease burden, and denote this quantity by Q M , Q V and Q P , according to the case considered. When T = 300, we may evaluate the reduction of disease burden as:
This means that, compared to the case of a constant ITNs usage proportion of 10%, a reduction of 28% of disease burden can be observed when a pure voluntary ITNs adoption, based on the information on prevalence, is considered. On the other hand, compared to this last case, an optimal information campaign strategy, as defined in section 3, produces a reduction of 69.8% of disease burden. This result is even better, 78.2%, when the optimal control results are compared with the output of model M.
It is also interesting to evaluate the effects on the contact rate β of changes in the humans behavior. In Figure 2 , panel B, it is shown how a pure voluntary ITNs adoption produces a reduction of β from 0.09 (the constant value considered in model M) to 0.055. It can be also seen how β changes in correspondence to the optimal information campaign strategy. When the campaign efforts begin to decline (around day 200, see Figure 3 , panel A) the contact rate is at its minimum (β = 0.012) and begins to increase from there. At the end of the considered time horizon, it is still less than the contact rate predicted by model V.
Conclusions
In this work we have focused on mathematical modelling of mosquito-borne disease, where the adoption by individuals of non-pharmaceutical personal protections, like the ITNs, is taken into account. Motivated by the well documented strong influence of behavioral factors in ITNs usage, we have proposed a mathematical approach based on the idea of information-dependent epidemic models.
We have evaluated the effects of feedback produced by the actions taken by individuals as a consequence of: (a) the information available on the status of the disease in the community where they live (i.e., pure voluntary adoptions); or (b) an optimal health-promotion campaign aimed at encouraging people to use ITNs.
We have shown that the results may be very different compared to the output of classical models. For example, in [35] an optimal control problem applied to Model (1-4) has been considered. There, the contact rate given in Equation (3) is reduced by a coefficient 1 − ζ(t), where the function ζ(t) is analogous to campaign effort u(t) used here and must be chosen optimally in the same way (i.e., the costs given in Equation (15) must be minimized). The result is that the control is not able to radically change the dynamics of the system, although it may make faster the decay of infected humans when compared to the case where no controls are used. Instead, with the modeling approach proposed here the controlled system may predict dramatic changes of disease prevalence, as shown in Figure 3 , panel A.
Assessing how people react to awareness about their environment's status is of paramount importance for understanding the epidemic evolution. Indeed, individuals make decisions on the basis of information in their possession and this is a key factor in determining the epidemic fate, especially when the containment measures rely on personal protections to be taken on voluntary basis. Modelling the feedback produced by behavioral changes may drive more realistic dynamics that are not captured by classical approaches. Typical examples are given by the sustained oscillations predicted by information-dependent models in the case of pseudo-rational exemption to vaccination [12, 14, 16, 17] and of information-related changes in contact patterns [12, 15, 17] .
Our results are preliminary. Further developments will include the case of a general memory kernel as well as the case of seasonality (i.e., time-periodic coefficients), which may have a relevant role in the case of mosquito-borne diseases [39, 40] .
The state variables are not assigned at the final time T so that we have the transversality equations λ i (T ) = 0; for i = 1, . . . , 5. In order to illustrate the characterization of the optimal control u * , we consider the optimality conditions: ∂H ∂u = 0, at u = u * , on the set {t ∈ [0, T ] : 0 ≤ u ≤ u max }. That is:
and, taking into account the bounds on u * , the characterization is: 
